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QUASI-LOCAL MASS AT AXIALLY SYMMETRIC NULL
INFINITY
PO-NING CHEN, MU-TAO WANG, YE-KAI WANG, AND SHING-TUNG YAU
Abstract. We give a brief review of the definition of the Wang-Yau
quasilocal mass and discuss the evaluation of which on surfaces of unit
size at null infinity of an axi-symmetric spacetime in Bondi-van der
Burg-Metzner coordinates.
1. Introduction
As is well known, it is not possible to find mass density of gravity in
general relativity. The mass density would have to consist of first derivatives
of the metric tensor which are zero in suitable chosen coordinate at a point.
But we still desire to measure the total mass in a spacelike region bounded
by a closed surface. The mass due to gravity should be computable from the
intrinsic and the extrinsic geometry of the surface. It has been considered
to be one of the important questions to find the right definition. Penrose
gave a talk [24] at the Institute for Advances Study in 1979 and listed it
as the first one in his list of major open problems. The quantity is called
quasilocal mass.
Many people including Penrose [25], Hawking [16], Brown-York [5], Hawking-
Horowitz [17], Bartnik [2] and others worked on this problem and various
definitions have been given. Several important contributions have also been
made by Bartnik [1], Shi-Tam [29], and Liu-Yau [20, 21]. This article dis-
cusses the Wang-Yau quasilocal mass definition discovered in 2009 [33, 34].
2. The definition of Wang-Yau quasilocal mass
Quasilocal mass is attached to a 2-dimensional spacetime surface which
is a topological 2-sphere (the boundary of a spacelike region). But with
different intrinsic geometry and extrinsic geometry, we expect to read off the
effect of gravitation in the spacetime vicinity of the surface. Suppose the
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surface is spacelike, i.e. the induced metric σ is Riemannian. An essential
part of the extrinsic geometry is measured by the mean curvature vector field
H, which is a normal vector field of the surface such that the null expansion
along any null normal direction ℓ is given by the paring of H and ℓ.
To evaluate the quasilocal mass of a 2-surface Σ with the physical data
(σ,H), one solves the optimal isometric embedding system (see (1) in the next
paragraph), which gives an embedding of Σ into the Minkowski spacetime
with the image surface Σ0 that has the same induced metric σ as Σ. We then
compare the extrinsic geometries of Σ and Σ0 and evaluate the quasilocal
mass from σ,H, and H0.
The physical surface Σ with physical data (σ,H) gives (σ, |H|, αH), where
|H| is the norm of the mean curvature vector field and αH is the connection
one-form determined by the mean curvature gauge. As long as the mean
curvature vector field H is spacelike, |H| is positive and αH is well-defined.
Given an isometric embedding X : Σ → R3,1 of σ, let Σ0 = X(Σ) be
the image and (σ, |H0|, αH0) be the corresponding data of Σ0. Let T be a
future timelike unit Killing field of R3,1 and define τ = −〈X,T 〉 as a function
defined on the surface Σ where 〈·, ·〉 is the Minkowski metric on R3,1.
The optimal isometric embedding system and the quasilocal mass can be
expressed in terms of a function ρ and a 1-form ja on Σ given by
ρ =
√
|H0|2 +
(∆τ)2
1+|∇τ |2 −
√
|H|2 + (∆τ)
2
1+|∇τ |2√
1 + |∇τ |2
ja = ρ∇aτ −∇a
(
sinh−1(
ρ∆τ
|H0||H|
)
)
− (αH0)a + (αH)a,
where ∇a is the covariant derivative with respect to the metric σ, |∇τ |
2 =
∇aτ∇aτ and ∆τ = ∇
a∇aτ .
The optimal isometric embedding system seeks for a solution (X,T ) that
satisfies
(1)
{
〈dX, dX〉 = σ
∇aja = 0.
We note that the first equation is the isometric embedding equation into the
Minkowski spacetime R3,1. The quasilocal mass is then defined to be
(2) E(Σ,X, T ) =
1
8π
∫
Σ
ρ.
Several remarks are in order:
(1) Σ0 is the “unique” surface in the Minkowski spacetime that best
matches the physical surface Σ. If Σ happens to be a surface in the Minkowski
spacetime, the above procedure identifies Σ0 = Σ up to a global isometry.
(2) A prototype form of the quasilocal mass which corresponds to the
special case τ = 0 in (2) (due to Brown-York [5], Liu-Yau [20], Booth-Mann
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[4], Kijowski [19]) is
1
8π
∫
Σ
(|H0| − |H|) .
The positivity is proved by Shi-Tam [29] and Liu-Yau [21]. However, for a
surface in the Minkowski spacetime, the above expression may not be zero
[22].
The optimal isometric embedding system gives the necessary correction,
so that the Wang-Yau definition is positive in general and zero for surfaces
in the Minkowski spacetime [33, 34].
The derivation of the Wang-Yau definition (2) relies on both physical
theory and mathematical theory. From the Hamilton-Jacobi analysis of the
Einstein-Hilbert action (Brown-York [5], Horowitz-Hawking [17]), a surface
Hamiltonian H(Σ) is obtained and the quasilocal energy should be H(Σ) −
H(Σ0) for a reference surface Σ0 in the reference Minkowski spacetime. The
precise definitions of the surface Hamiltonians still depend on the choices of
a normal gauge and a timelike vector field along the surface Σ as an observer.
On the other hand, the mathematical theory of isometric embeddings
(Nirenberg [23], Pogorelov [26]) is used to find the reference surface Σ0 and
a variational approach leads to a canonical gauge that anchors the choices
of gauge of surface Hamiltonian.
In general, the optimal isometric embedding system is difficult to solve.
Suppose (X,T ) is a solution and suppose the corresponding ρ is positive,
then E(Σ,X, T ) is a local minimum [8] and the nearby optimal isometric
embedding system is solvable by an inverse function theorem argument. In
a perturbative configuration, when a family of surfaces limit to a surface in
the Minkowski spacetime, then the optimal isometric embedding system is
solvable, again subject to the positivity of the limiting mass. This applies
to the case of large sphere limits [7] and small sphere limits [12].
3. Quasilocal mass at null infinity
3.1. Large sphere limit at null infinity. Consider an isolated system sur-
rounding a source. In terms of the Bondi-Sachs coordinate system (u, r, x2 =
θ, x3 = φ) [3, 27, 31, 32], near future null infinity I+ the spacetime metric
takes the form:
−V du2 − 2Ududr + σab(dx
a +W adu)(dxb +W bdu), a, b = 2, 3
such that each V , U , W a admit expansions in terms of integral powers of r
with
V = 1−
2m(u, θ, φ)
r
+O(r−2)
U = 1 +O(r−2)
σabdx
adxb = r2(dθ2 + sin2 θdφ2) + 2r(cdθ2 − c sin2 θdφ2 + 2c sin θdθdφ) +O(1)
W a = O(r−2)
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The Bondi-Trautman mass is
(3) MBT (u) =
1
4π
∫
S2
m(u, θ, φ),
where m(u, θ, φ) is the mass aspect function defined at I+. As a result of
the vacuum Einstein equation, the mass loss formula states
(4)
d
du
MBT (u) = −
1
4π
∫
S2
(
c2u + (cu)
2
)
≤ 0.
This important formula represents the first theoretical verification of gravi-
tational wave/radiation in the nonlinear setting.
In [7], we evaluate the large sphere limit of quasilocal mass which recovers
the Bondi-Trautman mass. At a retarded time u = u0, we consider the
family of large spheres Σr parametrized by an affine parameter r. The
positivity of the Bondi-Trautman mass guarantees the unique solvability
of the optimal isometric embedding system (1) with a solution (Xr, Tr).
Suppose Xr and Tr admit expansions:
Tr = T
(0) +
∞∑
k=1
T (−k)r−k
Xr = rX
(1) +X(0) +
∞∑
k=1
X(−k)r−k,
then T (0) is shown to be proportional to the Bondi-Sachs energy-momentum
and T (0) being future timelike makes T (−k) and X(−k+1) solvable inductively
for k = 1, 2 · · · .
3.2. Unit sphere limits at null infinity. Both the Bondi-Trautman mass
and the mass loss formula are global statements about I+, i.e. they require
the knowledge of all directions of (θ, φ). The limit of quasilocal mass intro-
duced in the following provides a quasilocal quantity along a single direction
(θ, φ) at I+.
Consider a null geodesic γ(d) that approaches I+. Around each point on
γ(d), consider a geodesic 2-sphere Σd of unit radius. The geometry of Σd
approaches the geometry of a standard unit round sphere of R3.
In the limit d→∞, we obtain two quantities. The first one is limd→∞E(Σd)
which is of the order of 1
d2
with E(Σd) ≥ 0. The second one is obtained by
exploiting the vanishing of the 1
d
term and appears as a loop integral on the
limiting surface that is of the order of 1
d
.
Several cases have been computed:
(1) Linear gravitational perturbation of the Schwarzschild black hole a`
la Chandrasekhar. The linearized vacuum Einstein equation is solved by
separation of variables and solutions of linearized waves are obtained. The
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optimal isometric embedding system can be solved and the quasilocal mass
can be evaluated by solving
∆(∆ + 2)τ = physical data,
(∆ + 2)N = physical data,
(5)
where τ and N are functions on the standard 2-sphere and ∆ is the Laplace
operator. All distinctive features of the waves such as frequency and mode
parameters are recovered.
(2) The Vaidya spacetime 1
−(1−
2m(u)
r
)du2 − 2dudr + r2(dθ2 + sin2 θdφ2)
The quasilocal mass of a unit sphere approaching null infinity is
(6) E(Σd) = −
1
8πd2
∫
S2
(∂um) sin
2(θˆ) + l.o.t. ≥ 0
The positivity of quasilocal mass corresponds to the mass loss formula in
the Vaidya case.
One may expect that the limit of quasilocal mass in the direction of
(θ0, φ0) will recover the value of the mass aspect function m(u, θ0, φ0). But
notice that the mass aspect function is not pointwise positive, only the inte-
grated Bondi-Trautman mass is positive by Schoen-Yau [28] and Horowitz-
Perry [18]. In the Vaidya case, the mass aspect is recovered from the loop
integral.
4. Unit sphere limit in BVM coordinate near null infinity
The Vaidya spacetime is a model for the Einstein-null dust system. In
particular, the condition −∂um ≥ 0 in (6) can be interpreted as local energy
condition for matters. In order to study the contribution of quasilocal mass
at the purely gravitational level, we study the null infinity of a vacuum
spacetime. We discuss the case of an axi-symmetric spacetime in the Bondi-
van der Burg-Metzner coordinates near null infinity. The leading terms of
the spacetime metric are of the form:
−(1−
2M
r
)du2 − 2dudr − 2Ududθ + (r2 + 2rC)dθ2 + (r2 − 2rC) sin2 θdφ2,
where M,U, C are functions of u and θ.
The 1
d2
term of the quasilocal mass of a unit sphere approaching null
infinity is (up to a constant factor)
(7)∫
B3
[(∂uC)
2+det(h
(−1)
0 −h
(−1))]+
1
4
∫
S2
[(trΣk
(−1))2− τ (−1)∆˜(∆˜+ 2)τ (−1)],
1The mass aspect function used here differs to that of [13] by a factor of 2.
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in which h(−1) and k(−1) depend on the physical data and h
(−1)
0 and τ
(−1)
depend on the solution of the optimal isometric embedding system. A priori,
the expression may depend on all M,U, and C. However all occurrences of
M andU are cancelled and the final answer only involves the functionC and
is completely independent of the mass aspect function M. The expression
(7) is manifestly positive by Wang-Yau’s theorem.
4.1. Final remark. Given a spacetime surface (Σ, σ,H), we find the refer-
ence surface (Σ0, σ,H0) through the optimal isometric embedding equation
and evaluate the quasilocal mass. This is a nonlinear and coordinate in-
dependent theory. The procedure is canonical and is accompanied by a
uniqueness statement. In particular, the definition does not involve any ad
hoc referencing or normalization. The calculation of the quasilocal mass
does not assume any a priori knowledge of null infinity.
The positivity of the unit sphere limit should correspond to a “quasilocal”
mass loss formula, or “quasilocal gravitational radiation” at null infinity.
The evaluation in the full generality of Bondi-Sachs coordinates (without
assuming axi-symmetry) will appear in an upcoming paper.
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